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1. Introduction

Nonlocal reductions of systems of integrable nonlinear partial 
differential equations which were invented first by Ablowitz and 
Musslimani [1–3], attracted many researchers in the field. Ablowitz 
and Musslimani have first constructed nonlocal reduction for non-
linear Schrödinger (NLS) system of equations and obtained nonlo-
cal nonlinear Schrödinger (nNLS) equation [1], [2]. They showed 
that nNLS equation is integrable, i.e., it admits a Lax pair, and 
found soliton solutions by the use of the inverse scattering method. 
Ablowitz and Musslimani have later extended their nonlocal re-
ductions, corresponding to space reflection, time reflection, and 
space-time reflection to modified Korteweg-de Vries (mKdV) sys-
tem, sine-Gordon (SG) system, Davey-Stewartson (DS) system, and 
so on. After Ablowitz and Musslimani’s works there is a huge inter-
est in obtaining nonlocal reductions of systems of integrable equa-
tions and finding interesting wave solutions of these systems. Spe-
cific examples are nonlocal NLS equation [1–14], nonlocal mKdV 
equation [2–4], [13], [15–18], nonlocal SG equation [2–4], [19], 
nonlocal DS equation [3], [20–24], nonlocal Fordy-Kulish equa-
tions [13], [25], nonlocal N-wave systems [3], [26], nonlocal vec-
tor NLS equations [27–30], nonlocal (2 + 1)-dimensional negative 
AKNS systems [31], and nonlocal coupled Hirota-Iwao mKdV sys-
tems [32]. See [33] for the discussion of superposition of nonlocal 
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integrable equations, and [34] for the nonlocal reductions of the 
integrable equations of hydrodynamic type. The connection be-
tween local and nonlocal reductions is given in [35], [36]. In all 
these works the soliton solutions and their properties were in-
vestigated by using the inverse scattering method, by the Hirota 
bilinear method, and by the Darboux transformations.

In the last decade we observe that even as the number of 
systems of integrable nonlinear differential equations possessing 
nonlocal reductions is increasing, the origin of nonlocal reductions 
remains mysterious. Recently, Valchev [37] generalizing the reduc-
tion group of Mikhailov [38], (see also [6], [26], [29] for the ap-
plication of Mikhailov’s reduction group) transforming also the in-
dependent variables obtained the nonlocal reductions of Ablowitz 
and Musslimani. In this work we address to this problem. We show 
that those systems possessing nonlocal reductions admit discrete 
symmetry transformations which leave the systems invariant. A 
special case of discrete symmetry transformations turns out to be 
the nonlocal reductions of the same systems. We show this fact for 
NLS, mKdV, SG, DS, coupled NLS-derivative NLS, loop soliton sys-
tems, hydrodynamic type systems, and Fordy-Kulish equations, and 
derive all possible nonlocal reductions from the discrete symmetry 
transformations of these systems.

2. Reductions

Let the dynamical variables qi(t, x) and ri(t, x) (i = 1, 2, · · · , N), 
in (1 + 1)-dimensions, satisfy the following system of integrable 
evolution equations
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qi
t = F i(q j, r j,q j

x, r j
x,q j

xx, r j
xx, · · · ), i, j = 1,2, · · · , N, (1)

ri
t = Gi(q j, r j,q j

x, r j
x,q j

xx, r j
xx, · · · ), i, j = 1,2, · · · , N, (2)

where F i and Gi (i = 1, 2, · · · , N) are functions of the dynamical 
variables qi(t, x), ri(t, x), and their partial derivatives with respect 
to x. The above system of equations is integrable, so it has a Lax 
pair and a recursion operator R. Some of these equations admit 
local and nonlocal reductions. Let us assume that the above system 
of equations (1) and (2) admits the following reductions.

(a) Local reductions:
The local reductions are given by

ri(t, x) = κ1 qi(t, x), i = 1,2, · · · , N, (3)

and

ri(t, x) = κ2 q̄i(t, x), i = 1,2, · · · , N, (4)

where κ1 and κ2 are real constants. Throughout this paper a bar 
over a letter is defined as

1) for a complex number q = α + iβ , q̄ = α − iβ , i2 = −1,
2) for a pseudo-complex number q = α + iβ , q̄ = α − iβ , i2 = 1.

If a reduction is consistent the system of equations (1) and (2) is 
reduced to a system for qi ’s

qi
t = F̃ i(q j,q j

x,q j
xx, · · · ), i, j = 1,2, · · · , N (5)

for the reduction (3), and

qi
t = F̃ i(q j, q̄ j,q j

x, q̄ j
x,q j

xx, q̄ j
xx, · · · ), i, j = 1,2, · · · , N (6)

for the reduction (4), where F̃ = F |ri=κ1qi or F̃ = F |ri=κ2q̄i , respec-
tively.

(b) Nonlocal reductions:
Recently, Ablowitz and Musslimani introduced new type of reduc-
tions [1–3]

ri(t, x) = τ1qi(ε1t, ε2x) = τ1qi
ε, (7)

and

ri(t, x) = τ2q̄i(ε1t, ε2x) = τ2q̄i
ε, (8)

for i = 1, 2, · · · , N . Here τ1 and τ2 are real constants and ε2
1 = ε2

2 =
1.

When (ε1, ε2) = (−1, 1), (1, −1), (−1, −1), the above con-
straints reduce the system (1) and (2) to nonlocal space re-
flection symmetric (S-symmetric), time reflection symmetric (T-
symmetric), or space-time reflection symmetric (ST-symmetric) 
differential equations.

Since the reductions are done consistently the reduced sys-
tems of equations are also integrable. This means that the reduced 
systems admit recursion operators and Lax pairs. We can obtain 
N-soliton solutions of the reduced systems by the inverse scatter-
ing method [1–3], [10], [11], [14], [17], [19], [27], by the Darboux 
transformation [9], [16], [18], [22], [23], and by the Hirota bilinear 
method [7], [13], [15], [21], [31–33].

3. Discrete symmetries

In this section we will show that nonlocal reductions arise from 
scaling symmetries of integrable system of equations. A scaling 
symmetry of a system of differential equations is the scale trans-
formation which leaves these equations invariant. Scaling symme-
tries group is a subgroup of the symmetry groups of differential 
equations [39] and discrete symmetries are special cases of the 
scaling symmetries [40].

(a) NLS system: This system is given by

aqt = −1

2
qxx + q2 r, (9)

art = 1

2
rxx − q r2, (10)

where a is any constant. This constant is the imaginary unit for 
the original NLS system but we change it by redefining the t vari-
able. We search for a symmetry transformation such that the NLS 
system is left invariant. In general we choose the symmetry trans-
formation as

T1 : (q(t, x), r(t, x)) → (q′(t′, x′), r′(t′, x′))
where primed system satisfies also the NLS system, i.e.,

aq′
t′ = −1

2
q′

x′x′ + (q′)2 r′, (11)

ar′
t′ = 1

2
r′

x′x′ − q′ (r′)2. (12)

We shall consider the real and complex dynamical systems sepa-
rately.

(1) For the real case the symmetry transformation that we are in-
terested in is the scale transformations

t′ = β t, x′ = α x, q′ = γ1 q + δ1 r, r′ = γ2 r + δ2 q, (13)

where α, β, γ1, γ2, δ1, and δ2 are real constants. We have two pos-
sible cases:

(1.a) First type of real scale symmetry transformation is

t′ = −α2 t, x′ = α x, q′ = δ1 r, r′ = 1

δ1 α2
q, (14)

where α and δ1 are arbitrary constants.
(1.b) Second type of real scale symmetry transformation is

t′ = α2 t, x′ = α x, q′ = γ1 q, r′ = 1

γ1 α2
r, (15)

where α and γ1 are arbitrary constants. These two parameter 
scale transformations map solutions to solutions of the NLS 
system.

From the above scale symmetry transformation we can obtain dis-
crete symmetry transformations by letting α = ε = ±1. In partic-
ular the first type produces a discrete symmetry transformation if 
α = ε and δ1 = k then

q(t, x) = k r′(−t, εx), r(t, x) = k q′(−t, εx), (16)

where ε2 = k2 = 1. A special discrete symmetry transformation 
is obtained when we take q′ = q and r′ = r. Under this spe-
cial discrete symmetry the transformations in (16) reduce to the 
well-known nonlocal reductions r(t, x) = kq(−t, x) and r(t, x) =
kq(−t, −x) [3], [4], [6], [10], [13], [14].

(2) For the complex dynamical systems the scale symmetry trans-
formation

T2 : (q̄(t, x), r̄(t, x)) → (q′(t′, x′), r′(t′, x′))
takes the following form

t′ = β t, x′ = α x, q′ = γ1 q̄ + δ1 r̄, r′ = γ2 r̄ + δ2 q̄, (17)

where α, β, γ1, γ2, δ1, and δ2 are real constants. We have two pos-
sible cases:
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(2.a) First type of complex scale symmetry transformation is

t′ = β t, x′ = α x, q′ = δ1 r̄, r′ = δ2 q̄, (18)

with

ā β = −aα2, δ1 δ2 α2 = 1. (19)

(2.b) Second type of complex scale symmetry transformation is

t′ = β t, x′ = α x, q′ = γ1 q̄, r′ = γ2 r̄, (20)

with

ā β = aα2, γ1 γ2 α2 = 1. (21)

These two parameter scale transformations map also solutions to 
solutions of the NLS system. From these scale symmetry trans-
formations we obtain discrete symmetry transformation by letting 
α = ε1 = ±1, β = ε2 = ±1, γ1 = γ2 = k = ±1. In particular the first 
type produces a discrete symmetry transformation of the form

q(t, x) = k r̄′(ε2t, ε1x), r(t, x) = k q̄′(ε2t, ε1x), (22)

where ε2
1 = ε2

2 = k2 = 1 and āε2 = −a which follows from (19). 
A special discrete symmetry transformation is obtained when we 
take q′ = q and r′ = r. Under this special discrete symmetry the 
transformations in (22) reduce to the well-known nonlocal reduc-
tions r(t, x) = k ̄q(−t, x) with ā = −a, r(t, x) = k ̄q(t, −x) with ā = a, 
and r(t, x) = k ̄q(−t, −x) with ā = −a [1], [2], [4–9], [11–14].

The examples that we consider in the rest of the paper share 
similar real and complex scale symmetry transformations and the 
associated discrete symmetry transformations. Since we are inter-
ested in nonlocal reductions of the integrable systems of equations 
we will present only the first type real and complex discrete trans-
formations and the corresponding nonlocal reductions.

(b) MKdV system: This system is given by

aqt = −1

4
qxxx + 3

2
q r qx, (23)

art = −1

4
rxxx + 3

2
q r rx. (24)

We will write the discrete symmetry transformations directly. We 
have two different cases: Let (q, r) and (q′, r′) satisfy the mKdV 
system of equations (23) and (24).

For the real case we have

q(t, x) = kr′(ε2t, ε1x), r(t, x) = kq′(ε2t, ε1x), (25)

where k2 = 1 and ε1ε2 = 1. When we take q′ = q and r′ = r
we obtain the nonlocal reduction r(t, x) = k q(−t, −x) [2–4], [13], 
[15–17].

For the complex case we have

q(t, x) = kr̄′(ε2t, ε1x), r(t, x) = kq̄′(ε2t, ε1x), (26)

where ā ε1ε2 = a and k2 = 1. These special discrete transformations 
produce different nonlocal reductions when q′ = q and r′ = r with 
different values of ε1 = ±1 and ε2 = ±1; r(t, x) = k ̄q(−t, x) with 
ā = −a, r(t, x) = k ̄q(t, −x) with ā = −a, and r(t, x) = k ̄q(−t, −x)
with ā = a [2–4], [13], [15], [18].

(c) SG system: This system is given by

qxt + 2s q = 0, (27)

rxt + 2s r = 0, (28)

sx + (q r)t = 0, (29)
where q = q(t, x), r = r(t, x), and s = s(t, x). We have the following 
two discrete symmetry transformations. For the real case,

q(t, x) = kr′(ε2t, ε1x), r(t, x) = kq′(ε2t, ε1x),

s(t, x) = s′(ε2t, ε1x), (30)

where ε1 = ε2 = ±1 and k2 = 1. If we take q′ = q and r′ = r these 
special discrete transformations produce the nonlocal reductions: 
r(t, x) = kq(−t, x), r(t, x) = kq(t, −x), and r(t, x) = kq(−t, −x)
[2–4], [19].

For the complex case,

q(t, x) = kr̄′(ε2t, ε1x), r(t, x) = kq̄′(ε2t, ε1x),

s(t, x) = s̄′(ε2t, ε1x), (31)

where ε1 = ε2 = ±1 and k2 = 1. When q′ = q and r′ = r these 
special discrete transformations produce the nonlocal reductions: 
r(t, x) = kq̄(−t, x), r(t, x) = kq̄(t, −x), and r(t, x) = kq̄(−t, −x) [4].

(d) DS system: This system is given by

aqt + 1

2
[γ 2qxx + qyy] + q2r = φq, (32)

−art + 1

2
[γ 2rxx + ryy] + r2q = φr, (33)

φxx − γ 2φyy = 2(qr)xx, (34)

where q = q(t, x, y), r = r(t, x, y), φ = φ(t, x, y), γ 2 = ±1, and a is 
a constant. We have the following discrete symmetry transforma-
tions. For the real case,

q(t, x, y) = kr′(ε1t, ε2x, ε3 y), (35)

r(t, x, y) = kq′(ε1t, ε2x, ε3 y), (36)

φ(t, x, y) = φ′(ε1t, ε2x, ε3 y), (37)

where ε1 = −1 and k2 = 1. These special discrete transformations 
produce the nonlocal reductions when q′ = q and r′ = r with differ-
ent values of ε1 = −1, ε2 = ±1, ε3 = ±1; r(t, x, y) = k q(−t, x, y), 
r(t, x, y) = k q(−t, −x, y), r(t, x, y) = k q(−t, x, −y), and r(t, x, y) =
k q(−t, −x, −y) [3].

For the complex case,

q(t, x, y) = kr̄′(ε1t, ε2x, ε3 y), (38)

r(t, x, y) = kq̄′(ε1t, ε2x, ε3 y), (39)

φ(t, x, y) = φ̄′(ε1t, ε2x, ε3 y), (40)

where k2 = 1, ε2
1 = ε2

2 = ε2
3 = 1, and āε1 = −a. We observe that 

these discrete transformations produce many different nonlocal 
reductions when q′ = q, r′ = r, and φ′ = φ with different val-
ues of ε1 = ±1, ε2 = ±1, and ε3 = ±1; r(t, x, y) = k ̄q(−t, x, y), 
r(t, x, y) = k ̄q(−t, −x, y), r(t, x, y) = k ̄q(−t, x, −y), r(t, x, y) =
k ̄q(−t, −x, −y) with ā = a; r(t, x, y) = k ̄q(t, −x, y), r(t, x, y) =
k ̄q(t, x, −y), r(t, x, y) = k ̄q(t, −x, −y) with ā = −a [3], [20–24].

(e) Coupled NLS-derivative NLS system: This system [41] is given 
by

aqt = iqxx + α(rq2)x + iβrq2, (41)

art = −irxx + α(rq2)x − iβr2q, (42)

where α, β ∈R, and a is any constant. We have the following dis-
crete symmetry transformations. For the real case,

q(t, x) = kr′(ε2t, ε1x), r(t, x) = kq′(ε2t, ε1x), (43)
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where ε1 = ε2 = −1 and k2 = 1. When q′ = q and r′ = r, these 
discrete transformations produce the nonlocal reduction r(t, x) =
kq(−t, −x) [3].

For the complex case,

q(t, x) = kr̄′(ε2t, ε1x), r(t, x) = kq̄′(ε2t, ε1x), (44)

where ε1 = 1, āε2 = a, and k2 = 1. From these discrete transfor-
mations we have different nonlocal reductions when q′ = q and 
r′ = r with different values of ε1 = ±1 and ε2 = ±1; r(t, x) =
k ̄q(−t, x) with ā = a, r(t, x) = k ̄q(t, −x) with ā = −a, and r(t, x) =
k ̄q(−t, −x) with ā = −a.

(f) Loop-soliton system: This system [41], [42] is given by

aqt + ∂2

∂x2

[ qx

(1 − rq)3/2

]
= 0, (45)

art + ∂2

∂x2

[ rx

(1 − rq)3/2

]
= 0. (46)

We have the following discrete symmetry transformations.
For the real case,

q(t, x) = kr′(ε2t, ε1x), r(t, x) = kq′(ε2t, ε1x), (47)

where ε1 = ε2 = −1 and k2 = 1. When q′ = q and r′ = r, these 
discrete transformations produce the nonlocal reduction r(t, x) =
kq(−t, −x) [3].

For the complex case,

q(t, x) = kr̄′(ε2t, ε1x), r(t, x) = kq̄′(ε2t, ε1x), (48)

where āε1ε2 = a, and k2 = 1. These discrete transformations pro-
duce different nonlocal reductions when q′ = q and r′ = r with 
different values of ε1 = ±1 and ε2 = ±1; r(t, x) = k ̄q(−t, x) with 
ā = −a, r(t, x) = k ̄q(t, −x) with ā = −a, and r(t, x) = k ̄q(−t, −x)
with ā = a.

(g) Hydrodynamic type of systems: Shallow water waves
Recently we studied the reductions in equations of hydrody-

namic type [34] and obtained several examples of nonlocal version 
of these equations. An example of equations of hydrodynamic type 
is the shallow water waves system [43]

aqt = (q + r)qx + q rx, (49)

art = (q + r)rx + r qx. (50)

Here a is a nonzero constant. The discrete transformations which 
leave this system invariant are following. For the real case,

r(t, x) = k q′(ε2t, ε1x), q(t, x) = k r′(ε2t, ε1x), (51)

where k = ε1ε2. For the complex case

r(t, x) = k q̄′(ε2t, ε1x), q(t, x) = k, r̄′(ε2t, ε1x), (52)

where ā k ε1ε2 = a. In both cases k2 = ε2
1 = ε2

2 = 1 [34].
If we let q′ = q and r′ = r we get the special discrete symmetry 

transformations which lead to the local and nonlocal reductions. 
When q and r are real variables we have r(t, x) = k q(ε2t, ε1x) then 
the reduced equation is

aqt(t, x) = (q(t, x) + kq(ε2t, ε1x))qx(t, x) + kq(t, x)qx(ε2t, ε1x),

(53)

provided that k = ε1ε2 and a is real.
When q and r are complex variables we have r(t, x)=k ̄q(ε2t.ε1x)

then the reduced equation is
aqt(t, x) = (q(t, x) + kq̄(ε2t, ε1x))qx(t, x) + kq(t, x) q̄x(ε2t, ε1x),

(54)

provided that āk ε1ε2 = a [34].

(h) Fordy-Kulish equations
Let qα(t, x) and rα(t, x) be the complex dynamical variables 

where α = 1, 2, · · · , N , then the Fordy-Kulish (FK) integrable sys-
tem is given by [44]

aqα
t = qα

xx + Rα
βγ −δ qβ qγ rδ, (55)

−arα
t = rα

xx + R−α −β−γ δ rβ rγ qδ, (56)

where Rα
βγ −δ, R−α −β−γ δ are the curvature tensors of a Hermi-

tian symmetric space with

(Rα
βγ −δ)

� = R−α −β−γ δ, (57)

and a is a complex number. Here we use the summation conven-
tion, i.e., the repeated indices are summed up from 1 to N . These 
equations are known as the FK system which is integrable in the 
sense that they are obtained from the zero curvature condition of a 
connection defined on a Hermitian symmetric space. The FK equa-
tions (55) and (56) are invariant under the discrete transformations

rα(t, x) = k q̄′α(ε1t, ε2x), qα(t, x) = k r̄′α(ε1t, ε2x), (58)

where k2 = ε2
1 = ε2

2 = 1 and āε1 = −a. If we let r′α = rα and q′α =
qα we obtain the special discrete symmetry transformations and 
hence the nonlocal reductions rα(t, x) = k ̄qα(ε1t, ε2x) [25]. Then 
the reduced nonlocal FK equations are

aqα
t (t, x) = qα

xx(t, x) + k Rα
βγ −δ qβ(t, x)qγ (t, x) q̄δ(ε1t, ε2x).

(59)

4. Conclusion

In this work we showed that the discrete symmetries of sys-
tems of integrable equations are important in finding the nonlocal 
reductions. For this reason we started first with the scale sym-
metry transformations of real and complex dynamical systems. 
Discrete symmetry transformations are special cases of the scale 
transformations. There are two different types, called as the first 
and second types, of discrete symmetry transformations both for 
real and complex dynamical variables. Using this fact we can find 
all discrete symmetry transformations of the system of equations. 
Among these discrete symmetry transformations the first types are 
the origins of the nonlocal reductions of these systems. We showed 
that a special discrete symmetry transformation of the first type 
produces all the well-known nonlocal reductions.
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